The difference in the free energy of hydration between the C, and aR conformations of alanine dipeptide at infinite dilution is computed using Monte Carlo method in a canonical ensemble with the united-atom AMBER force field. The recently introduced polynomial path with different exponents for the calculation of liquid state free energies using thermodynamic integration (TI) is tested. This is achieved by separating the interaction energy between the solute and the solvent molecules into the constituent r-l*, r-' and Coulomb terms. The separate contribution of each term is calculated and the comparison shows that the shape of the TI integrand as a function of the coupling parameter is mainly determined by the Coulomb term. Analysis of the convergence characteristics shows that five-point Gaussian quadrature integration would be sufficient to obtain quantitatively reliable results when a polynomial path is employed.
I. INTRODUCTION
Since chemical equilibria is determined by free energy ditferences, the calculation of the free energies has long been of the utmost interest. This is particularly true for aqueous solutions. There already exists a vast amount of literature concerning free energy calculations, methodologies used and their implementation for certain systems. '-6 The main idea behind all these calculations is that being an extensive property, the free energy difference between two points in phase space does not depend on the selection of the path which connects the two state points.
Although the idea and the theory behind the calculation of the free energies is rather simple, a reliable implementation of its numerical calculation proved to be nontrivial. '-l6 Throughout the last decade, several methods have been introduced to overcome, or at least to minimize, the difficulties encountered in free energy computer simulations. These methods have been well documented and most of them are extensively studied in Refs. I-16 . A promising but little tested method is a recent proposal made by Mezei' which can be applied to the thermodynamic integration (TI) approach.
In TI, one starts by choosing a path between two state points for which the free energy difference is to be calculated. The parameter which defines the path is called the coupling parameter. Although, in principle, the final results do not depend on the path employed, in reality (due to the inaccuracy of the numerical implementation) the reliability of the calculated results depend on the chosen path. Thus the appropriateness of the path chosen will be reflected in the integrand as a function of the coupling parameter, a good choice giving a smooth and almost linear curve. Since the integrand is calculated along the path at certain number of discrete points and then numerically integrated, the smoothness and the curvature-free nature of the integrand become important factors in obtaining reliable results. Since a smooth and almost linear curve can be sampled efficiently by using far fewer discrete points, these factors are also important in speeding up the numerical calculations.
In the early implementations of the TI approach, a linear coupling along the coupling parameter was employed. This implementation is also referred to as linear TI. ' It was shown first numerically and then analytically" that when creation of particles is involved, linear TI approach gives rise to a divergent integrand. Fortunately an analytical formula can be derived for the observed singular behavior. '1'7 In the end, this known analytical form of the integrand can be used to "subtract out" the divergent part from the integrand, thus eliminating the problem of numerical integration of a singular function. Although this approach has been used often, '" it is obvious that it is open to numerical instability problems.
To overcome this singular behavior, a nearly linear path TI (NL-TI) approach has been developed. ' In the NL-TI approach, a path is chosen in a manner that incorporates the known analytical form of the integrand from the beginning. Therefore, the resulting TI integrand is a smooth, but, unfortunately, in most cases is still a curved function. Therefore, to obtain reliable results, or at least to numerically prove their reliability, quite a number of discrete integration points may be needed.
As we show later in this report, the curved behavior of the integrand within NL-TI arises due to the overcorrection imposed on the longer ranged interaction terms, especially the Coulomb term. To avoid this overcorrection a further generalization of the NL-TI approach has recently been introduced. ' In this generalization, the interaction energy is separated into prospective terms, and different polynomial paths are used simultaneously for each energy term to calculate the integrand, and hence the free energy, of the thermodynamic integration approach. This generalized form will be referred to here as the polynomial path TI (PP-TI) approach.
In this report, we will investigate the advantages and the shortcomings of the above mentioned polynomial path TI approach. We will do so by studying the solvation free energy difference between two conformations of a small biomolecule, alanine-dipeptide.
To briefly outline what follows, the next section presents a short summary of the mathematical details of the polynomial path approach. Section III deals with the numerical procedure, and details of the molecular models and employed simulations are discussed. The results of this study are reported and analyzed in Sec. IV. A summary of our findings and future work is given in sec. v.
II. THEORY
For a potential of the form l/4, the asymptotic behavior of the integrand is expected to be ;l(kd'e)-', where d is the dimensionality of the space. Thus using a polynomial function of the type given in Eq. (3) and choosing a high enough k would eliminate the divergence of the integrand.' This observation forms the basis of the NL-TI approach. An interesting feature, not noted before, of the coupling given by Eq. (3) is that when k is assigned to have the lowest possible value that still gives a nondivergent TI integrand then the volume of the solute molecule would have a linear A dependence.*l
The generalized polynomial path approach to TI (PP-TI) goes as follows.' Rather than using a single k exponent, the individual terms in the interaction potential are separated and different values of k exponents are assigned to each interaction term. With the mixed-exponent proposal, the Eqs. ( 1) and (4), respectively, become'
In the coupling parameter approach to free energy calculations, the energy function at a point il along the employed path can be expressed asl,'
Here ,l is the coupling parameter, and as it varies from 0 to 1, the system is transformed from one end point to the other. Or in other words, the system A=0 is gradually turned onwhile simultaneously the system il= 1 is gradually turned on. The functions f,(A) and fe(;l) are continuous functions with limiting values f i (0) =fc( 1) = 0 and fi( 1) =fc(O) = 1; therefore A.=0 and 1 in Eq.
(1) correspond to state points with energy functions &(XN) and Et (X"), respectively.
v and Once the path is specified, the free energy difference between the two states can be obtained in several ways. In this paper, we use the thermodynamic integration (TI) approach, for which'* 
0 This particular choice of the f(n) functions is shown7-'0*'9 to give a smooth and monotonic integrand in the above equation. As discussed in the previous section, the smoothness of the integrand is especially convenient (and necessary) when the numerical integration is executed using a limited number of integrand points such as quadratures.
In Eq. (6a), the last equality is valid when the integration is done using n4 point quadratures, and 55' (h2,) is the weight coefficient for the nth-quadrature root point. Summation over v goes over the respective interaction potential terms. In this report an interaction potential Aij Cij QAj uij(r) =;Ti--T+T Another special case of TI, called linear TI, corresponds to the particular choice k= 1 in Eq. (3) . When creation or annihilation of atoms is involved, linear TI is shown'7920 to lead to an improper integral, i.e., a definite integral where the integrand is singular for certain values of the integration variable, in this case at the end points.
is utilized. Therefore, in the rest of this report v= 12,6, and 1 will be the respective labels for the first, the second, and the last interaction terms of Eq. (7).
PP-TI has already been tested for bulk liquid water with very satisfactory results. 7'8 In this report, starting with this generalized form, we further test PP-TI by studying the hydration free energy of alanine-dipeptide in aqueous solution at infinite dilution. Our aim is also to find the relative importance of the each interaction potential term, and the dependence of the smoothness of the TI integrand on the choice of the exponents set. By doing so, we will try to reflect on the selection of an optimal set of exponents {k,,} so as to make the TI integrand a curve as close to a straight line as possible, thus reducing the magnitude of the error of quadrature integration and increasing the reliability.
III. COMPUTATIONAL DETAILS
Because of its small size and simplicity for a biomolecule, alanine-dipeptide was chosen to be our test system in this report. Another factor in this choice is the availability of earlier reports by several groups concerning its hydration properties.22*23 Alanine-dipeptide is known to exist in several conformations with comparable probabilities. Using the standard representation (W,@) in terms of the angles of torsion Y (N-C-C-N) and Q, (C-N-C-C), equatorial C, (90",-90") and aR conformations are believed to be the dominant structures both in gas phase and in solution. Because of their importance, we have chosen to investigate the hydration free energy difference between C7 and aR structures to test the mixedexponent polynomial path choice in TI approach.
The molecular geometry of alanine-dipeptide at each conformation (see Fig. 1 ) was generated using the model builder of the INSIGHTII program (Biosym Technologies, Inc.) on a Silicon Graphics workstation. A rigid molecule was assumed, and bond length and angle values were taken from the system library. To keep the calculations at a simpler level, the united-atom representation was chosen. Since it is not important for this study, no a priori minimization with fixed torsion angles (adiabatic minimization) was applied. Therefore, the results of this study may include some enthalpic contribution.
Site 6-12 potential parameters,
A and C, as well as the site charges, q, in Eq. (7) were that of the AMBER force field.24 To characterize the water, the TIP3P mode125 of Jorgensen was used. Water-solute interactions were calculated using the geometric mixing rules A,= (AiAj) "* and Cjj= ( CiCj) "*. A 
Site i of a molecule interacts with site j of a different molecule as A/r" -C/P+q,qj/r where the combination rules for A and C parameters are given in the text. A and Care in units of kcal/mol A'* and kcal/mol A6, respectively. All distances, Z, are in Angstroms.
systematic picture of the alanine-dipeptide may be seen in Fig. 1 , and a list of the potential parameters used in this report are given in Table I. TI integrand values were determined by (N, V,T) ensemble Metropolis Monte Carlo (MC) simulations. A preferential sampling of type l/R,, where R, is the distance between the center of masses of the solute and the solvent molecules, was used to accelerate the sampling. Face-centered cubic periodic boundary conditions were employed. Water-water short range interactions were truncated at a spherical cutoff of 7.75 A, and the minimum image convention was used for the solute-water interactions. The system involved a single solute and 215 solvent molecules at T =298 K. The volume of the cubic unit cell, V=648 1.153 A', was determined using the density reported by Bose and Hudt.26 Simulations at each L point involved an equilibration period of 2X lo6 (2 M) configurations, followed by a consequent run of 10 M configurations (-4.63~ lo4 steps/ molecules). We note that initial drifts in energies were considerable, therefore, long equilibration runs were necessary to obtain well equilibrated configurations. Due to this, use of shorter equilibration runs resulted in larger thermodynamic cycle errors. Simulations were performed on IBM RS6000/550 and Convex C220 machines. Further details of the simulations may be found in Table II. IV. RESULTS A. Thermodynamic integration integrand Table II summarizes the results for the hydration free energy for the C7 to aR conformational change for alanine- and tabulates the integrand values at simulation A points. Two sets of simulations for each k-exponent set were performed involving thermodynamic integration based on five-point and eight-point Gaussian quadratures. Convergence statistics of each simulation run are given in Fig. 2 .
Even though three of the four simulation sets agree very well, the five-point Gaussian quadrature with {k} ={4,4,4} run shows a systematic disagreement with the rest. While the disagreement between this run and the others are still within the estimated statistical error limit, extending the runlength for the five-point equal-exponent case with another 4 M steps (not shown) did not change the comparison. Therefore we partially attribute this observed disagreement to inadequacy of five-point Gaussian quadrature with equal exponents. Figure 3 reports the respective TI integrands as a func- tion of the coupling parameter. The PP-TI integrand is almost linear, and its y range is about half of that of the NL-TI. What is more important is that the slope at the end points is significantly reduced with PP-TI. This difference in slopes is important in the sense that a larger slope makes the extrapolation needed in taking the integral more vulnerable to errors due to possible statistical fluctuations. Hence, the difference in the slopes most likely would have been a factor in the agreement for the case of PP-TI and in the disagreement for the case of NL-TI between the fiveand eight-point Gaussian quadrature based integrals. It is not so obvious from the figure but the results using eightpoint Gaussian quadrature actually produce some weakly oscillatory integrands, an unreal feature. A similar experience with eight-point Gaussian quadrature has been encountered before (see Fig. 2 of Ref. 19) . The oscillatory integrand most probably arises due to the inclusion of too many jrting parameters (n-parameters for n-point quadrature).
To further investigate the accuracy of numerical integration, we combine the results of the five-and eight-point Gaussian quadrature runs for each k-exponent group to obtain a set of 13-points along the thermodynamic integration path. Use of this combined set enables us to perform three additional tests.
The first test involves an ordinary 13-point quadrature fit to, the combined 13-point set and then analytically integrating over il. Here the word ordinary stands to point out that the il points of the combined set were an arbitrary combination of quadrature points, rather than an optimal choice as in the case of Gaussian quadratures. For k={4, 3, 2) exponents, this test way of integrating gives -3.945 kcal/mol for the free energy difference between the Table II ). Similarly for k= {4,4,4), a 13-parameter fit gives -4.238 kcal/ mol, compared to -4.240 and -5.904 kcal/mol for eightand five-point Gaussian quadratures. Therefore the 13-parameter fit results are much closer to eight-point Gaussian quadrature results. This is to be expected on the basis that, since it involves more data points, eight-point Gaussian quadrature results will be favored in a functional fit. Note that the 13-parameter fit involves a 12th order polynomial and, based on experience with the eight-point Gaussian quadrature case, is expected to produce oscillations. Although not reported, the oscillations do appear implying the necessity of caution in using high-order quadratures.
In the second test, polynomials of varying order were least square fitted to 13 MC simulation points for each k-exponent set. This was followed by analytical integration with results tabulated in Table III . This approach would point to the lowest possible order polynomial which captures all the essentials of the TI integrand. Knowledge of this polynomial with the lowest possible order would be important in setting up future simulations for related or chemically similar systems. All these varying order fits are essentially in very good agreement with each other. Their differences are unnoticeable by eye on a single plot and therefore are not reported. This very good agreement is also reflected in Table III showing that a four-parameter (third order polynomial) fit is essentially sufficient to obtain quantitatively reliable results. As experienced before, using polynomials of order higher than six produce some weak oscillations in the integrand. 27 We should point out that simulation run lengths of this report ( ~4.63 X lo4 MC cycles=46 ps of molecular dynamics) are long compared with most of the other published simulation results for similar systems. This might have led to obtaining a smoother integrand curve than usual, and hence might be misleading. For this reason, a safer range of choosing the order of the fit polynomial would be 5-6, which avoids using too few simulation points and also avoids possible unphysical oscillatory integrands. But given the disagreement encountered in this study for the case of the five-point equal-exponent Gaussian quadrature approach, the above stated polynomial range can only be taken as a good starting guess for setting up a simulation and needs to be supplemented with some additional tests. With the preceding caution in mind it still may be stated, based on the experience of this study, that five or six-point Gaussian quadratures would be the most reliable ones to use in TI approach with a fair degree of assurance.
Results of the second test lead us to our third test. In this test, for each k-exponent set, we proceed with the fourth order polynomial least squares fit of the above given second test. As mentioned before, this fit is in principle equivalent to a five-point Gaussian quadrature integration, but using a wider set of integrand points. Now using this fit function, we interpolate the TI integrand at the 1 points which form the root points of the n-point Gaussian quadratures. We repeat this calculation for n=3 to 9. The aim of this test, as in the above case, is to find a convenient range for the number of quadrature points that one needs to employ to calculate the conformational free energy differences using the thermodynamical integration approach. The difference between hA values calculated using n = 3 to 9 were less than 10V4 kcal/mol. Therefore, the results of the third test supports the conclusion reached in the second test.
Since they are based on a wider ( 13-point) set of simulation results, and because of the good consistency between them, we accept n= 5 and 6 results of the second and the third tests to be the most reliable ones. Using these values, we see that the conformational free energy difference values for the separate runs with {k}={4,4,4} and (4,3,2) exponent sets are in reasonably good agreement with each other. Averaging these two, we estimate the free energy of hydration difference between the C, and aR conformations of alanine-dipeptide in liquid TIP3P model water to be z -4.5 f 1.9 kcal/mol in favor of the aR conformation. This calculated free energy difference between the C, and aR conformations of alanine-dipeptide is quantitatively in the same range of earlier studies,8,28 and it does not include the contributions from the internal degrees of freedom. Assuming that inter-and intramolecular degrees of freedom do not couple, and using the hAintra value reported in Ref. 28 as an approximate value for our molecular model, we see that the intermolecular contribution, which is in favor of aR conformation, to the conformational free energy difference is approximately nullified by the intramolecular contribution; thus giving comparable existence probabilities for C, and aR conformations in aqueous solution.
What is also apparent in Table II is the fact that the quadrature points close to the end points carry relatively larger uncertainties compared with the ones near the center, /2=0.5. Thus, using the same total number of MC steps, i.e., same amount of numerical work, but distributing them among the quadrature points in an optimal way such that quadrature points close to end points would have longer run lengths than the ones in the vicinity of il=O.5 would reduce the overall uncertainty. This finding supports argument given by Mezei, 8 and might be useful in obtaining numerical results with relatively less statistical error with the minimal amount of numerical work. 
B. Separation into interaction energy terms
In this section, we investigate the contribution of individual interaction energy terms (see Sec. II) to pinpoint the term which gives rise to a curved TI integrand. To do this, in Table II , we first separate the TI integrand into contributions of il =0 (C, configuration) and ;1= 1 ( aR configuration ) solutes, -7e (il ) and Y, (;1) , respectively. These two contributions are qualitatively similar (see Figs. 5, 6, and 8) and they closely resemble the TI integrand for going from an uninteracting point particle to a certain conformation of the solute particle. show the partition of the TI integrand into constituents according to the interaction potential terms. It can be seen in Fig. 4(a) that for the case of equal exponents k,, = k,= k, = 4, the contribution of the r-l2 and rm6 terms are close to straight lines; thus it is mainly the Cou- lomb term which gives rise to a curved TI integrand. In contrast, using a lower exponent for the l/r term distributes the contribution of the Coulomb interaction more evenly through the coupling parameter range. One of the main objectives of this study was to show that by choosing a k-exponent set with different exponents for different interaction energy terms it would be possible to straighten and lower the slope of the TI integrand function. This would in turn be expected to decrease the magnitude of the error of integration, and increase the reliability of the results. As it is obvious from the comparison of Figs. 4(a)  and 4(b) that the choice of {k12,k6,kl}={4,3,2} brings the TI integrand curve very close to a straight line, thus fulfilling the desired objective. Success of the unequal exponent approach allows us to ,suggest the following recipe to increase the reliability and possibly lower the numerical error of the thermodynamical integration approach in the solvation free energy calculations: (a) First run a short simulation with a certain k'-exponent set (say {k;, ,ki,k;}) to obtain the ~j,,(n) values where j=O or 1 and Y= 12,6, or 1. (b) Then form the cumulants , ?"?7, , Jil) and (1 -~)m~.YO,y(lz). (c) Choose the m, values which give a straight line for the cumulants. Using these m, obtain a new k-exponent set as Ck)=Ck'l+Cm,J.
Th' is new set would be a very good estimate for obtaining a straight TI integrand.29 (d) After short test simulation runs, if necessary, make adjustments to the exponent set.
What is studied in this report is the free energy difference between two conformations of the same biomolecule. Therefore there is in a way a symmetry between the two /z end points of the system. In this respect, this study complements a previous study.7 In Ref. 7, the PP-TI approach was applied to study the solvation free energy of liquid water. For liquid water, the investigated quantity was the change in the free energy of a water molecule in going from an ideal gas state to a condensed phase. Therefore, there is an asymmetry between the two end points. Since the PP-TI approach seems to work very well for these two complementary test cases, it can be confidently stated that it is possible to obtain, for almost any system, an integrand which is very close to a straight line within the PP-TI approach. Since the error involved in integration (or extrapolation/interpolation) of a straight line is minimal, this achievement increases the accuracy of integration.
C. Thermodynamic cycle
To further study the convergence and the statistical error involved in the simulations, we make use of the thermodynamic circle idea." For this, we defined a triangle. This requires two additional simulation runs: simulations of the ideal gas to C7 and of the ideal gas to aR conformation transitions. This forms a closed loop and the deviation of the free energy change of traversing one complete cycle from zero gives an idea about the statistical error of the simulations. The results of these runs are summarized in Table IV Table II , and, respectively, correspond to the contribution of C, and aR conformation solute to the total TI integrand.
cycle error (IG = ideal gas)
In Fig. 7 , cycle error is reported as a function of run length. Although it oscillates with a period of approximately 2 million steps, the cycle error has a magnitude of less than 1 kcal/mol. This value is well within the statistical error estimates (approximately 2 kcal/mol) based on the fluctuations of the system. Another concern in Fig. 7 is what looks like a steady upward trend. Even though it is not reported, follow-up simulations showed that the reported cycle error takes a downturn and stays as less than 1 kcal/mol. Thermodynamic cycle error and the convergence statistics reported in Figs. 7 and 2 show that the transitions studied here are fairly well converged around 6 M steps, but before that the fluctuations are considerable. This puts a lower limit to simulation run lengths. 6 M steps is rather long and emphasizes the well established'-l6 fact that simulations of biosystems (even the smallest ones) require quite lengthy computations. Additional simulations that were performed to calculate the thermodynamic cycle error enable us to calculate the solvation free energies of each conformation. These simulations were done using PP-TI with an exponent set k=(4,3,2), and involved a five-point Gaussian quadrature integration. The simulation results are tabulated in Table  IV and are also reported in Fig. 8 . As Fig. 8 reveals, the use of the PP-TI for the C'--+ IG transition results in a TI integrand which is again very close to a straight line. However, for the IG+a, transition, the deviation of the TI integrand from a straight line is still quite apparent. There-fore, the k={4, 3,2} exponent set which gives satisfactory results for the other cases studied in this report needs to be further modified for studying the IG+a, transition. This observation points to the fact that the optimal choice for the exponent set is not unique but is system dependent.
Results for the solvation free energies (Table IV) show that intermolecular interaction with the solvent molecules has a large stabilizing effect on both of the solute conformations, 6.92 and 10.43 kcal/mol for C, and aR, respectively. To find out if the C, and the aR conformations of alanin&ipeptide would favor either the gas phase or aqueous solution, contributions coming from the intramolecular degrees of freedom are also needed, and this is not done here.
terns that also must be considered for an overall reduction of error in computations. But, our numerical results show that the error arising from improper quadrature integration might be on the same order as the statistical sampling error. To give some numbers, let us consider the C7+aR transformation studied in this report. Reading from Table II, the sampling error for this transition is approximately 1.9 kcal/mol. This is to compare with the quadrature integration error. Taking the calculated solvation free energy using five-and eight-point quadratures, we see that the integration error might be of order 1.6 kcal/mol (k=4,4,4 case). Thus these two sources of error are of the same magnitude, and both need serious consideration.
V. SUMMARY AND DISCUSSION
Mixed exponents for the polynomial path have been employed for the calculation of the hydration free energy difference between the C, and aR conformations of alaninedipeptide with quite satisfactory and promising results. The role of different exponents has been investigated by separating the interaction between the solute and the solvent into constitutive terms. This enabled us to point out the importance of each particular term, especially the Coulomb term, and, by proper adjustment, helped us to reduce both the curvature of the integrand and its slope at the endpoints. Both of these effects are helpful in reducing the quadrature integration error.
In this study, we have not incorporated the protons (carbon hydrogens) into the model explicitly. This was done to reduce the numerical work in testing PP-TI. With the promising results of this report, it would be interesting to see if the explicit inclusion of hydrogens (all-atom model) would make any difference in the success of the unequal exponent approach. Another interesting point is of course to study the effect of the hydrogens on the hydration free energies. Work along these lines as well as the study of the dependence on site charges is currently in process in our laboratory and will be the subject of a future communication.
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The calculations over the thermodynamic cycle IG+C,+a, -+IG show that TI over the path of Eq. (4) (NL-TI) and especially over the path of Eq. (5) (PP-TI) are capable of handling the creation of larger solutes with the same ease as calculating solvation free energy differences, supporting the earlier suggestion' that it is the method of choice for calculating free energy differences between very different systems.
